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Abstract.

We derive an analytical solution of three dimensional
cosmic-ray diffusion in the Galaxy with two-component
scale heights, one corresponding to the disk and the
other to the halo, assuming that three critical param-
eters, D: diffusion coefficient, n: gas density, and s:
cosmic-ray source density, are of the exponential type
in both r (radial distance from the disk center) and z
(vertical distance from the galactic plane), i.e., D, n and
s have two scale heights, one set with [z45, 2gn, 2¢s] for
z < z. and the other with (25, Znn, 2ns] for z > z.. We
expect the former three heights are of the order of mag-
nitude with a few hundreds pc, while the latter three are
of the order of magnitude more than a few kpc, much
larger than the former ones.

1 Introduction

In another paper presented in this volume (Shibata 2001,
hereafter named paper 1), we gave an analytical solu-
tion for the cosmic-ray (CR) diffusion, assuming that
the distribution shapes of three critical parameters, D:
diffusion coefficient, n: gas density, and s: CR source
density, are of the exponential type in both r (radial
distance from the disk center) and z (vertical distance
from the galactic plane),

D(r,z) = Dyexplr/rp + |z|/2p], (1la)
n(r,z) = ngexp[—(r/rn + |2|/2n)], (10)
s(r,z) = spexp[—(r/rs + |2|/2s)]- (1e)

Practically, however, it is quite likely that the above
three parameters have two components, one correspond-
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ing to the disk and another to the halo. So, introducing
a critical distance z. from the galactic plane, we assume

[ZgD7 Zgns ng]a for |Z‘ <z (2(1)
[ZD7 Z’na ZS] =

[ZhD7 Zhn Zhs]v for |Z| > Ze (2b)

[Dgo,ngo, sg0],  for |z| < z.  (3a)
[Do, no, so] =
[Dho,mho, snol, — for |z| >z (3b)
In Eq. (2a), three parameters, [24p, Zgn, Zgs|, cOIrre-
spond to the scale heights of D, n and s in the disk, while
[2hp s Zhn, 2hs) In Eq. (2b) to those in the halo. Naturally,
we expect
Zhp 2> Zgp,  Rhn 2> Zgn, Rhs > Zgs)
and probably zpp, zp, and zps might be one order of
magnitude larger than zgp, zg, and zgs.
Taking the continuation condition at z = z. into ac-
count, we have following three constraints for these pa-
rameters,

Dgyoexplze/2gp) = Dhoexplze/2no), (4a)
T g0 eXP[—Zc/Zgn} = Nho eXp[_Zc/zhn,]7 (4b)
890 €XP[—2c/2gs] = Sho €Xp[—2c/ Zns]- (4c)

In the present paper, we derive an analytical solution
of 3D CR diffusion in the case of two components in scale
heights for the diffusion coefficient, gas density and the
CR source density.

Throughout this paper, we distinguish all variables
related to the disk (z < z.) from those to the halo (z >
zc) by attaching the subscripts, “g” and “h”, to them,
respectively, and we use the same notations as those
used in paper L.
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2 Solution of the diffusion equation
2.1 Fundamental solution

The diffusion equation and the boundary condition are
presented in paper I, and the difference here from it is
only the continuation condition at z = z.. So, the fun-
damental solution of the diffusion equation is completely
the same as in the case of the one component model (see
Eq. (14) in paper I),

or(u;ro, up) = adg(A) + bBg(A), (5)
A(u) = AU (u) = Aoe™ ", (6a)
with uw=r/F+|z|/Z, (6b)

where we introduced following functions and variable,

Ap(4) = A"1,.(4),

_ [NoVo _
/\0 = DO zZ. (8)

Before going to the details of the procedure in the
derivation of the solution, we summarize variables,

By(4) = A"K,, (1), (7)

A = NioU(us)  with w; = r/7 + |2|/%, (9a)
Aie = XioU (uic)
Aio = MioU (ui0)

where i denotes “g” (disk) or “h” (halo), and

niovo _
)\i = iy !
=\ Dy (&)

1 171 1

Zi Zin Zip

with w;. = 7/7 + |2¢|/Zi,  (9b)

with U0 = To/F+ |ZO|/Ziv (90)

In the following discussion, we assume zy > 0, but it
doesn’t lose the generality, i.e., one may exchange z for
—z in the case of zg < 0.

Let us write down two solutions including the source
term separately for two regions, |z| < z. and |z| > z..

2] < ze (Age < 4y)

+
(pl(c,g) (Ug; To, uQO) = a'_((;i)Ak,g(Ag)

+ ) By g(Ay) — Qg (44)0(£). (11a)
|2| > ze (An < Ape) -

Sﬂz(cih) (un; 70, uno) = ay”) Agn(4n)

+ b Bn (An) — Qren(A)0(£). (11b)

Here, Qy,i(A;) relates to the source term, explicit form
of which is presented in Appendix A.

2.2 Boundary condition

We have to find af]i), agf), béi) and b;li) in Egs. (11a)
and (11b), taking into account two continuation condi-
tions at z =40 (u=r/7) and z = £z, (u=u. =7r/T+
|zc|/Z) as well as two boundary conditions at z = Fo0
(u = 00). Let us summarize the continuation conditions
and the boundary conditions explicitly.

z=20 (u=r/F, Ag = Agr = ApoU,) :

(+) (=)

Prrg (T/T570,Ug0) = iy, (/T3 70, Ugo), (12a)
;C(;;) (r/F;ro, ug0) = (p;c();)(’l“/f; T, Ug0)- (120)
z=2z. (U=uc, dg = Age, Ay = Ape) -
P (ugei 70, gn) = o5 (nei o, no), (13a)
gogj)(ugc; 0, Ugo) = gp;ﬁ(i)(uhc; 70, Uho)- (13d)
z =200 (u=o00, A, =0):
ay Aen(0) + by Brn(0) = 0. (14)
2.3 Explicit form of the solution
It is very useful to introduce two brackets,
(A, Bl = AxB" + ATxB| | (150
2=0
A, B = AxB' - A'xB (15b)

The meaning of { and the round bracket, (- - ),
are already appeared in Paper I, which come from the
smooth continuation condition of gof;’_g) and cp,(;g) at z =
0. Therefore, this bracket is applied only for the term
related to the variable Ag.(= AgoUy(z = 0)), and others
related to such as Ay, Age, Ap, Ape, ... are freely moved
in and out the bracket.

], cor-

On the other hand, the square bracket, [ -
responds to the smooth continuation condition of gpl(j:g)

and Lp,(cih) at z = +z.. Therefore, this bracket is applied
only for the term related to the variable, Ag4. or Ape,
and others related to such as Ag, Ay, Ay, ... are freely
moved in and out the bracket. In the present works,
these brackets play essential role to obtain the solution
without complexity. In Appendix B, we demonstrate
several examples of these brackets.

These brackets are indeed useful for the mathematical
simplification, but the practical procedure of the deriva-
tion of the final solution is still cumbersome, and here
we give only the result, after integrating over (ro, zo),
taking account of the source term, s(ro, 20), the detail
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of which will be reported elsewhere. We summarize the
solution in the similar form as that presented in the one
component model (see Paper I).

Si0Zi2
N(r,u) = D; 0( ZM,” (r)Ny,i(Ui, Uje)
Z
70 J ZMM ("IN (Ui, Uje),  (16)
here
\/D 0,2)D;(k,r,0), (17)
Di(’ra Z) = DiO eXp[T/’I“D + ‘Z|/ZiD]v (18)
=<1+T—D)/<1+Zl—D>:1, (19)
Tn Zln
[449777 “h”]’ for |Z‘ S Zc
[i, j] = (20)
[((h777 Lég”]’ fOI. |Z‘ Z zc

Here, we should remember that bounded to Egs. (4a)
~ (4c) is each pair for the three critical parameters,
[Dgos Drol, [ngo, nnol, and [sgo, Skol, respectively.

Corresponding to Egs. (29), (30) and (31) in Paper I,
we have

2J0(£k7’/R)
My (r) ~M ~ R 21
k() w(r) EkJ1 (&) @)
1
Nii(X,Y) :/ T (X, Y) 0, (H)dt,  (22)
0
with w; = 2w,; —v; ~ 2—1;, (23)
where
O(t — Uge), fori=“g”
0i(t) = (24)
O(Upe —t), fori=“h"

¥;.; in Eq. (22) is summarized in Appendix C.

One may note Eq. (16) is quite similar to Eq. (28’) in
Paper 1. In fact, we find that they coincide completely
with each other in both limits of z, — oo and 2z, — 0
(see Appendix D).

2.4 Solution at the galactic plane

Let us present explicitly the solution in the case of the
galactic plane (z = 0 or equivalently v = u, = r/7). In
the case of z = 0, we have

Wk7g(t7 U’r‘7 UhC) = [L (AQC7 A ) Vk, }L(Ah(')] 7

[ Vi, h (Ahc) L ( grv )}

I, (A
Uy n(t,Up, Upe) = won (Ant) |

[ (Ane)s L g (Agrs Age)]

(25a)

(25b)

with Agt = )\got, Aht = )\hot.
Taking care of the constraint condition Eq. (4), finally

we obtain a quite similar form of the solution as that in
the case of one component model (Eq. (34) in Paper I),

N(r,r/F) ~

b

sgozg Z?Jg &kr/R) Hi(Ag0, Aro)
Dy(r/2,0) &J1(€k)  H(Agr)
(26)
where the explicit forms of Hy(a, b) and H,i(/l) are pre-
sented in Appendix D. For the limit of z. — oo or
ze — 0, Eq. (26) is completely coincident with that of
Eq. (34) of paper I, as shown in Appendix D.

3 Discussion

We obtained the solution of 3D cosmic-ray diffusion with
two component scale heights, one corresponding to the
disk and the another to the halo. The solution is of quite
similar form as that in the case of one component scale
height. We confirmed the present solution is completely
coincident with that of the one component model for
z. — o0 and/or z. — 0.

We found that two kinds of brackets, (---)+ and [-- -],
are quite useful in order to obtain the solution of diffu-
sion equation without the complexity in the procedure
of the evaluation.

In the present report, we focused to the procedure
of the derivation of the solution, and numerical results
will be reported elsewhere. For the practical application
of the present result, we have to obtain further various
observables, such as the path length distribution, sec-
ondary /primary, isotope, diffused v, and so on, but we
don’t touch them due to the limited space, some of which
might be reported at the oral session in the conference.

Appendix A Explicit form of Qy(4;)

This function is related to the source term gy ;(ro, 20)
(see Eq. (13) in Paper I).

Qr.i(A3) = qr.i(ro, 20) Aig™ L i (Ai, Aio) O(Ay, Aig, Aii),
1

(A1)

with ui:Q%ﬂ/(HZ—Z) (A2)
~zi Jo(&kmo/R)

Qk’i(TO’ZO) - D,L'(T‘(), ZO) 7TR2J12(£]C) ’ (A?))

Lii(X,Y) = A i(X)Bgi(Y) — Ak s(Y) B i(X), (A4)

O(A;, Ajo, Aie) =

[P

0(Ay — Ago)0(Ago — Age),  for i =

Il
&S

(45)

Q(Ah - Aho)a(/lhc — Ah), fOI‘ i = uhn



Appendix B Examples of the sqaure bracket

Here we give two examples appeared in the numerator
and the denominator of the righhand side of Eq. (25a).

[kag(/lgm/l ) IVI«,h,(AhC)} =

Log(Age, Agt) IS, (Ane) — L 4 (Age, Ag) L, (Ane)

= HL, ,(Ag) - B K, ,(40),  (Bla)
[ka,h(/lhc)7 Lz, (Agrv/lgc)] =
IVk h (AhC)L (AgT7 Agc) uk n (AhC)L (Ag’N Agc)
= B, (M) — HNKS (Ag)). (B1b)

L,cg(X Y)=1If, (X)K] (Y)-1Ii (V)K] (X).

Vik,g Vik,g Vik,g

(B2)

If(A), KJ(A), and Ly, 4(X,Y), LL’Q(X, Y') are presented

in Egs. (Ala), (A1b), and Egs. (A4a), (A4b) in Paper I,

and H,gli, H(2) are defined in Appendix D in this paper.
It should be remarked that

A)=o0.
(B3)

Lyo(A, 4y =0, L] (4,4 =1, LI (4,
Appendix C Definition of the exchange-function
/lbk’,i(Xv Y» Z) =

[kai(/lica /\iOX)a IVk,h, (AhOY)LL,g(AQ“ )‘QOZ)}
[IVk,h (Ah0)7 LL,g(AgTa AgC)]

, (C1)

wk;i(Xa Y7 ch) =
’lz[)k,g(X, thcayv)7 for X < Y

- oA — M “wrL”
0,7 = “9”, “h

Yi,g(Y, Upe, X), for X > Y

wk,h(Y» X7 Ugc), fOI‘ X S Y
y = ‘Ch” “ 0l

Vn(X,Y,Uge), for X >Y
(€2)

[P

1ﬁk7g(Ugc,Y, X) ti=Yg
Epk7i(X7 Y, Uic) = (C?))
Vi h(Une, X,Y) 1 0= “h”
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Appendix D Explicit forms of H ,I and Hj

We introduce following variables and functions,

HY) = (L, (4ne), Ly, (4g0)], (D1a)
HY) = (L, (Ane)s Koy, (Ag0)], (D1b)
H) = (Ko, (Ane), L, (4g0)], (D1e)
HY) = Ky, (Ane), Ko, (Age))- (D1d)
Hi(4) = H,?{ﬁ ()~ H,glgm (), (D2)
Hi(a,b) = H‘Z)Iukg< ) — H,i’ll)lC,,k,g(a) + HoZ,,, (b),
(D3)

where 1
Z,,,(a) = / t“’gflluk,y(at)dt, (D4a)

UJC

1
Ky, ,(a) = / t“Q’IK%g(at)dt, (D4b)

Uge

Une
7, () = / 1T, (b, (DAc)

0

and with use of the constraint conditions Eqs. (4a) and
(4¢),

Ho= B30 [P _ Bhers ()
Z5 $g0 Dy z;
1 1 1 1 1
with 7_<—+ )—( + ) (D6)
z Zgs  22Zgp Zhs  2Zhp

Let us check the consistency of the present solution
with that in the case of one component model for z, —
oo and/or z. — 0. For instance, in the case of z. — oo,
we find immediately

Ugc; Uhc - 07 Agw Ahc - 07

leading to
Y —0, H) — oo,

i.e.;
Hi(Ago Ano) — H I’/k +(Ag0);

Hf(4g) — Hffiﬂ ,(Agr)-

Then we obtain
Hi(Ago, Ano) Zy, (A\g0)
Hf(A,) I, (Agr)

which coincides with the solution of one component model.
In the case of z, — 0, we find also it gives the same
solution as that of the one component model.
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